In the present paper, we consider a nonself-adjoint fourth-order differential operator with the periodic boundary conditions. We compute new accurate asymptotic expression of the fundamental solutions of the given equation. Then, we obtain new accurate asymptotic formulas for eigenvalues and eigenfunctions.
Introduction
In the present work, we consider a nonself-adjoint fourth-order operator which is generated by the periodic boundary conditions: where q x is a complex-valued function. Without lose of generality, we can assume that π 0 q x dx 0. Spectral properties of Sturm-Liouville operator which is generated by the periodic and antiperiodic boundary conditions have been investigated by many authors, the results on this direct and references are given details in the monographs 1-5 . In this paper we obtain asymptotic formulas for the eigenvalues and eigenfunctions of the fourth-order boundary-value problem 1.1 , 1.2 . For second-order differential equations, similar asymptotic formulas were obtained in 6-9 . We note that in 6, 10, 11 , using the obtained asymptotic formulas for eigenvalues and eigenfunctions, the basis properties of the root functions of the operators were investigated.
The paper is organized as follows. In Section 2, we compute new asymptotic expression of the fundamental solutions of 1.1 . In Section 3, we obtain new accurate asymptotic estimates for the eigenvalues. In Section 4, we have asymptotic formulas for eigenfunctions under the distinct conditions on q x .
The Expression of the Fundamental Solutions
It is well known that see 2 at the formula 2.2 depends upon the smoothness of the function q x . If q x has m continuous derivatives, then one can assert the existence of a representation 2.2 with N m 3. Here, we assume that q x ∈ C 4 0, π . The functions u υ,k x satisfy the following recursion relations:
2.3
Let us put, moreover, u 0,k x ≡ 1, u υ,k 0 ≡ 0, for υ ≥ 1. Thus, the functions u υ,k x are uniquely determined. Thus, we can find from 2.3 that
2.4
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The Asymptotic Formulas of Eigenvalues
It follows from the classical investigations see 4, page 65 that the eigenvalues of the problem 1.1 , 1.2 in 0, 1 consist of the pairs of the sequences {λ k,1 }, {λ k,2 } satisfying the following asymptotic formula:
for sufficiently large integer k, where ξ 0 is a constant. 
3.2
Proof. By derivation of 2.2 up to third order with respect to x, the following relations are obtained:
where k 1, 2, 3, 4, m 1, 2, 3 and
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3.4
Now let us substitute all these expressions into the characteristic determinant
where 
3.9
Hence, by Δ s 0, for sufficiently large |s|, the following equations hold:
.10
By Rouche's theorem, we have asymptotic estimates for the roots s k,1 and s k,2 , k N, N 1, . . . , of 3.10 and 3.11 , respectively, where N is a big positive integer
From the relations 3.12 , 3.13 and the relations λ k,j s
, j 1, 2 , the asymptotic formulas 3.2 are valid for k ≥ N.
The Asymptotic Formulas for the Eigenfunctions
Now, we obtain asymptotic formulas for eigenfunctions under the distinct conditions on q x . Case 1. Assume that q x ∈ C 1 0, π and the condition q π − q 0 / 0 holds. Based on the asymptotic expressions of the fundamental solutions of 1.1 and the asymptotic formulas for eigenvalues of the boundary-value problem 1.1 , 1.2 up to order O s −5 , the following result is valid. 
where k is sufficiently large integer.
. Since
we obtain that
4.4
Follows from the condition q π − q 0 / 0 that U j 1 y υ x, s k,1 / 0 for j 0, 1, 2. Thus, we can seek eigenfunction y k,1 x corresponding λ k,1 in the form
4.5
Then,
4.6
By simple computations, we obtain
,
.
4.7
Hence, using the formula 2.2 , we can write
4.8
Therefore, for the normalized eigenfunction, we get 
4.11
4.12
By similar computations we obtain
, 
4.16
Case 2. Assume that q x ∈ C 2 0, π and the conditions q π − q 0 0 and q π − q 0 / 0 hold. Based on the asymptotic expressions of the fundamental solutions of 1.1 and the asymptotic formulas for eigenvalues of the boundary-value problem 1.1 , 1.2 up to order O s −6 , the following result is valid. 
Proof. It is clear that
U 1 y υ x, s k,1 3 8 q π − q 0 s 4 k,1 5ω υ 16 q π − q 0 s 5 k,1 O 1 s 6 k,1 , U 2 y υ x, s k,1 ω υ s k,1 1 8 q π − q 0 s 4 k,1 − ω υ 16 q π − q 0 s 5 k,1 O 1 s 6 k,1 , U 3 y υ x, s k,1 ω υ s k,1 2 − 1 8 q π − q 0 s 4 k,1 − 3ω υ 16 q π − q 0 s 5 k,1 O 1 s 6 k,1 .
4.19
It follows from the conditions q π − q 0 0, q π − q 0 / 0 that U j 1 y υ x, s k,1 / 0 for j 0, 1, 2. Thus, we can seek eigenfunction y k,1 x corresponding λ k,1 in the form 
4.20
4.21
By simple computations, we have
4.22
4.23
Therefore, for the normalized eigenfunction, we get
Using the relations 3.3 and 3.12 , for sufficiently large integer k, we obtain 4.17 :
In similar way, we can seek eigenfunction y k,2 x corresponding λ k,2 in the form
4.26
4.27
By simple computations, we get
4.28
4.29
Hence, for sufficiently large integer k, we obtain 4.18 :
Case 3. Assume that q x ∈ C 3 0, π and the conditions q j π − q j 0 0, j 0, 1 and q π − q 0 / 0 hold. Based on the asymptotic expressions of the fundamental solutions of 1.1 and the asymptotic formulas for eigenvalues of the boundary-value problem 1.1 , 1.2 up to order O s −7 , the following result is valid. 
Proof. It is clear that
4.34
From the conditions q j π − q j 0 0 j 0, 1 and q π − q 0 / 0, we have U j 1 y υ x, s k,1 / 0 for j 0, 1, 2. Thus, we can seek eigenfunction y k,1 x corresponding λ k,1 in the form
4.35
4.36
By simple calculations, we get
4.37
4.38
Using the relations 3.3 and 3.12 , for sufficiently large integer k, we obtain 4.32
In similar way, we can seek eigenfunction y k,2 x corresponding λ k,2 in the form 
4.42
4.49
From the conditions q j π − q j 0 0 j 0, 2 and q π − q 0 / 0, we have 
4.56

